In this paper, we find strictly Deza graphs that can be obtained from the Berlekamp-van Lint-Seidel graph by applying dual Seidel switching.
Introduction
In [8] , a characterisation of strictly Deza graphs with parameters (n, k, k − 1, a) and β = 1 was recently obtained. It turned out that such strictly Deza graphs necessarily come from strongly regular graphs having the property λ − µ = −1 and can be obtained with use of certain two operations: strong product with an edge and the dual Seidel switching.
The problem of classification of strongly regular graphs with λ − µ = −1 is far from to be solved (see [1] ).
It is known that if λ = 0 and µ = 1, then such a strongly regular graph is either the pentagon, or the Petersen graph, or the Hoffman-Singleton graph, or a hypothetical strongly regular graph with parameters (3250, 57, 0, 1).
Strongly regular graphs λ = 1 and µ = 2 were studied in [3] . It was shown that such a strongly regular graph has parameters either (9, 4, 1, 2) (the only such a graph is 3×3-lattice), or (99, 14, 1, 2), (243, 22, 1, 2), or (6273, 112, 1, 2), or (494019, 994, 1, 2). Then the authors of [3] constructed a graph with parameters (243, 22, 1, 2), which is known as the Berlekamp-van Lint-Seidel graph, but its uniqueness as well as the existence of graphs for the other three parameter tuples remain undecided. In particular, for the tuple (99, 14, 1, 2), this problem is known as the Conway's 99-graph problem.
The smallest feasible parameter tuples of strongly regular graphs with λ = 2, µ = 3 and λ = 3, µ = 4 are (364, 33, 2, 3), (676, 45, 2, 3) and (901, 60, 3, 4), respectively (see [5] ), and it is unknown if strongly regular graphs with such parameters exist.
In [8] , some examples of strictly Deza graphs with parameters (n, k, k − 1, a) and β = 1 were given. In particular, dual Seidel switching was applied to the Petersen graph, the Hoffman-Singleton graph, Paley graphs of square order. In this paper, we investigate if dual Seidel switching can be applied to the Berlekamp-van Lint-Seidel graph or its complement.
Preliminaries
We consider undirected graphs without loops and multiple edges. A k-regular graph Γ on v vertices is called strongly regular with parameters (v, k, λ, µ), if any two distinct vertices x, y in Γ have λ common neighbours when x, y are adjacent and µ common neighbours if x, y are non-adjacent. For a vertex x in a graph Γ, the neighbourhood Γ(x) is the set of all neighbours of x in Γ.
Lemma 1 ([6] , Theorem 1.3.1(i)). Let Γ be a strongly regular graph with parameters (v, k, λ, µ), µ = 0, µ = k. Then Γ has three distinct eigenvalues k, r, s, where k > r > 0 > s and the eigenvalues r, s satisfy the quadratic equation
For a graph Γ, denote by Γ the complement to Γ. 
In [8, Theorem 2] , it was shown that the strong product with an edge and dual Seidel switching is the only methods to obtain strictly Deza graphs with k = b + 1. Recall that the graph strong product of two graphs Γ 1 and Γ 2 has vertex set V (G 1 ) × V (G 2 ) and two distinct vertices (v 1 , v 2 ) and (u 1 , u 2 ) are connected iff they are adjacent or equal in each coordinate, i.e., for i ∈ 1, 2,
is the edge set of Γ i (see [2] ).
It follows from Lemma 2 that, if a strongly regular graph Γ has the property λ−µ = −1, then the complementary graph Γ has the property λ−µ = −1 as well. Thus, according to [8, Theorem 2], we concentrate on order 2 automorphisms of Γ that interchange either only non-adjacent vertices or only adjacent vertices.
The Berlekamp-van Lint-Seidel graph and dual Seidel switching
Let G be a group and S be an inverse-closed identity-free subset in G. The graph on G with two vertices x, y being adjacent whenever xy −1 belongs to S is called the Cayley graph of the group G with connection set S and is denoted by Cay(G, S).
For a positive integer n and a prime power q, let V (n, q) denote the ndimensional vector space over the finite field The main result of this paper is the following theorem.
Theorem 1. The following statements hold. (1) Γ has no order 2 automorphisms that interchange only adjacent vertices; (2) The reversal of vectors is the unique (up to conjugation) order 2 automorphism of Γ that interchanges only non-adjacent vertices.
Proof.
(1) Suppose φ is an order 2 automorphism of Γ that interchanges only adjacent vertices. Since the number of vertices of Γ is odd, φ has a fixed point. Since Γ is vertex transitive, we may assume without loss of generality that φ fixes the zero vector z. Since λ = 1, the first neighbourhood N (z) = {±x 1 , . . . , ±x 11 } is a disjoint union of the eleven edges {x 1 , −x 1 }, . . . , {x 11 , −x 11 } and any two adjacent vertices from N (z) have no common neighbours in the second neighbourhood N 2 (z). Since µ = 2, any two non-adjacent vertices from N (z) have precisely one common neighbour in N 2 (z). Note that N (z) contains 220 pairs of nonadjacent vertices, which is equal to the number of vertices in N 2 (z). Thus, there is a matching between pairs of non-adjacent vertices in N (z) and vertices in N 2 (z). It implies that if φ fixes pointwise a pair of non-adjacent vertices in N (z), then φ fixes the common neighbour of these two vertices in N 2 (z) as well. Thus, φ moves some vertices in N (z). Since φ is an order 2 automorhism that interchanges only adjacent vertices, φ swaps vertices of at least one of the eleven edges in N (z).
Suppose φ swaps x i with −x i and x j with −x j for some i, j ∈ {1, . . . , 11}, i = j. Then φ swaps x i + x j , the unique common neighbour of x i and x j in N 2 (z), and −x i − x j , the unique common neighbour of −x i and −x j in N 2 (z), which is a contradiction since x i + x j and −x i − x j are not adjacent in Γ. Thus, φ swaps the vertices of precisely one of the eleven edges in N (z).
Let x i , −x i be the unique pair of swapped vertices in N (z). Take a vertex x j for some j ∈ {1, . . . , 11}, j = i, which is fixed by φ. Then the vertex x i + x j is the unique common neighbour of x i and x j in N 2 (z) and the vertex −x i + x j is the unique common neighbour of −x i and x j in N 2 (z). It implies that x i + x j and −x i + x j are swapped by φ.
Take any ℓ ∈ {1, . . . , 11}, ℓ = i, j and consider the vertex x ℓ , which is fixed by φ. Note that the vertex x i + x j + x ℓ belongs to N 2 (z). In fact, suppose x i + x j + x ℓ = z. Then x i + x j = −x ℓ , which is impossible since x i + x j belongs to N 2 (z) and −x ℓ belongs to N (z), which is a contradiction. By similar arguments, x i + x j + x ℓ cannot be equal to ±x i , ±x j , ±x ℓ . Finally, if x i + x j + x ℓ is equal to x m (or −x m ) for some m ∈ {1, . . . , 11}, m = i, j, ℓ, then the vertex x i + x j has at least four common neighbours x i , x j , x ℓ and x m (resp. −x m ) with z, which is a contradiction.
Since the vertex x i + x j + x ℓ belongs to N 2 (z), it can be uniquely represented as a sum of two elements from {±x 1 , . . . , ±x 11 }. Note that neither x i nor −x i appear in this sum, which means that x i + x j + x ℓ is a sum of two elements from N (z) that are fixed by φ. It implies that x i + x j + x ℓ is fixed by φ.
Finally, since x i +x j is adjacent to x i +x j +x ℓ and −x i +x j is not adjacent to x i + x j + x ℓ , it implies that φ is not an automorphism, which is a contradiction.
(2) Obviously, the reversal of vectors is a permutation of the vertex set of Γ. For a vector γ ∈ V (5, 3), denote by γ r the reversed vector. Note that S r = S holds. Since, for any two vertices γ 1 , γ 2 in Γ, we have γ Step 2. We computed the full automorphism group of the graph and filtered all the order 2 automorphisms that interchange only non-adjacent vertices. Step 3. We checked that all the involutions that interchange only non-adjacent vertices are conjugate with a fixed one. f l a g A l l A r e C o n j u g a t e := t r u e ; f o r i n v i n InvNA do i f not I s C o n j u g a t e ( AutGr , InvNA [ 1 ] , i n v ) then f l a g A l l A r e C o n j u g a t e := f a l s e ; br ea k ; end i f ; end f o r ; f l a g A l l A r e C o n j u g a t e ;
The program finally printed out "true".
Concluding remarks

